A. D'Agnolo and M. Kashiwara proved that their enhanced solution functor induces a fully faithful embedding of the triangulated category of holonomic Dmodules into the one of R-constructible enhanced ind-sheaves. In this paper, we introduce a new notion of C-constructible enhanced ind-sheaves and show that the triangulated category of them is equivalent to its essential image. Moreover we show that there exists a t-structure on it whose heart is equivalent to the abelian category of holonomic D-modules.
singularities had been open for 30 years. In 2015, A. D'Agnolo and M. Kashiwara proved that there exists an isomorphism of D X -modules
hol (D X ) [DK16] . Here, we set Sol E X (M) := RIhom D X (M, O E X ), RH E X (K) := RHom E (K, O E X ) and O E X is the enhanced ind-sheaf of tempered holomorphic functions (see [DK16] for the definition). In particular, the enhanced solution functor Sol E X induces a fully faithful embedding
hol (D X ) of holonomic D-modules into the one E b R−c (IC X ) of R-constructible enhanced ind-sheaves. Moreover, in [DK19] , they gave a generalized t-structure
R−c (IC X ) and proved that the enhanced solution functor induces a fully faithful embedding of the abelian category Mod hol (D X ) of holonomic D X -modules into
On the other hand, T. Mochizuki proved that the image of Sol E X can be characterized by the curve test [Moc16] . In this paper, we introduce a new notion of C-constructible enhanced ind-sheaves and give a more explicit description of the essential image of the enhanced solution functor Sol E X : D b hol (D X ) op → E b R−c (IC X ) with them. We say that an enhanced ind-sheaf K ∈ E 0 (IC X ) is C-constructible if there exists a complex stratification {X α } α∈A of X such that π −1 C Zα\Dα ⊗ Ef −1 α K has a modified quasi-normal form along D α for any α ∈ A (see, Definition 3.14) , where f α : Z α → X is a complex blow-up of X α along X α \ X α and D α := f −1 α X α \ X α . Then we show that the category consisting of them is a full abelian subcategory of E 0 R−c (IC X ). Let us denote by E b C−c (IC X ) the full subcategory of E b R−c (IC X ) consisting of cohomologically C-constructible complexes. Then the following result is the main theorem of this paper: Theorem 1.1. For any M ∈ D b hol (D X ), the enhanced solution complex Sol E X (M) of M is a C-constructible enhanced ind-sheaf. On the other hand, for any C-constructible enhanced ind-sheaf K ∈ E b C−c (IC X ), there exists M ∈ D b hol (D X ) such that K ∼ −→ Sol E X (M). In particular, we obtain an equivalence of categories
. Moreover we show that there exists a t-structure on the triangulated category E b C−c (IC X ) whose heart is equivalent to the abelian category Mod hol (D X ) of holonomic D-modules as follows. We set (iii) for any X ∈ T there exists a distinguished triangle
The full abelian subcategory T ≤0 ∩ T ≥0 is called the heart of the t-structure. Let us recall the notion of generalized t-structure from [Kas16] . Remark that the condition (iii) is equivalent to either of the followings:
(iii)' Hom T (T ≤c , T >c ) = 0 for any c ∈ R, (iii)" Hom T (T <c , T ≥c ) = 0 for any c ∈ R.
We also remark that we can consider a (classical) t-structure as a generalized t-structure.
Ind-Sheaves
Let us recall some basic notions on ind-sheaves. References are made to Kashiwara-Schapira [KS01] and [KS06] . Let M be a good topological space (i.e., a locally compact Hausdorff space which is countable at infinity and has finite soft dimension). We denote by Mod(C M ) the abelian category of sheaves of C-vector spaces on M and by IC M that of ind-sheaves on it. Then there exists a natural exact embedding ι M : Mod(C M ) → IC M . We sometimes omit it. It has an exact left adjoint α M , that has in turn an exact fully faithful left adjoint functor β M . The category IC M does not have enough injectives. Nevertheless, we can construct the derived category D b (IC M ) for ind-sheaves and the Grothendieck six operations among them. We denote by ⊗ and RIhom the operations of tensor products and internal homs, respectively. If f : M → N be a continuous map, we denote by f −1 , Rf * , f ! and Rf !! the operations of the inverse image, the direct image, the proper inverse image and the proper direct image, respectively. Note that (f −1 , Rf * ) and (Rf !! , f ! ) are pairs of adjoint functors. We set also RHom := α M • RIhom and Z F := Ri Z!! i −1 Z F for a locally closed subset Z ⊂ M , where i Z : Z → M is the embedding. We abbreviate {x} F to x F for x ∈ M and we call x F the ind-stalk of ind-
Ind-Sheaves on Bordered Spaces
We shall recall a notion of ind-sheaves on a bordered space and results on it. For the results in this subsection, we refer to D'Agnolo-Kashiwara [DK16] . A bordered space is a pair M ∞ = (M,M ) of a good topological spaceM and an open subset M ⊂M . For a locally closed subset Z ⊂ M of M , we set Z ∞ := (Z, Z). A morphism f : (M,M ) → (N,Ň ) of bordered spaces is a continuous map f : M → N such that the first projectionM ×Ň →M is proper on the closure Γ f of the graph Γ f of f inM ×Ň . The category of good topological spaces is embedded into that of bordered spaces by the identification M = (M, M ).
We define the triangulated category of ind-sheaves on M ∞ = (M,M ) by
The quotient functor q :
has a left adjoint l and a right adjoint r, both fully faithful, defined by
Moreover they induce equivalences of categories
respectively. It is clear that the quotient category
is equivalent to the derived category D b (C M ) of the abelian category Mod(C M ) and there exists an embedding functor 
) is isomorphic to the functor l (resp. r). Then we have the following standard t-structure of D b (IC M∞ ) which is induced by the standard t-structure of D b (ICM ):
We denote by
the n-th cohomology functor, where we set
Enhanced Ind-Sheaves
Let us recall some basic notions and results on enhanced ind-sheaves. References are made to D'Agnolo-Kashiwara [DK16] and Kashiwara-Schapira [KS16b] . Let M be a good topological space. Set R ∞ := (R, R) for R := R {−∞, +∞}, and let t ∈ R be the affine coordinate. We denote by + ⊗, RIhom + the convolution functors for ind-sheaves on M × R ∞ := (M × R, M × R). Now we define the triangulated category of enhanced ind-sheaves on M by
has fully faithful left and right adjoints L E ,
The convolution functors are also defined for enhanced ind-sheaves. We denote them by the same symbols + ⊗, RIhom + . For a continuous map f : M → N , we can define also the operations Ef −1 , Ef * , Ef ! , Ef !! for enhanced ind-sheaves. Moreover we have outer-hom functors RIhom
. We say that
and call it the sheafification functor. By [IT18, Lemma 3.13], we have
for an enhanced ind-sheaf K. Note that the pair (e, sh) is an adjoint pair and we have an isomorphism id 
We also define the notion of enhanced ind-sheaves on bordered space M ∞ = (M,M ) and denote by E b (IC M∞ ) the triangulated category of the enhanced ind-sheaves on M ∞ . We shall skip the details of it. Reference are made to [KS16a] .
R-Constructible Enhanced Ind-Sheaves
We shall recall a notion of the R-constructibility and results on it. References are made to D'Agnolo-Kashiwara [DK19] and [DK16] . In this subsection, we assume that M is a subanalytic space.
has the following standard t-structure which is induced by the standard t-structure on E b (IC M ):
The following lemma implies that the R-constructibility of enhanced ind-shaves is a local property. Lemma 2.5 ([DK16, Lemma 4.9.7]). For K ∈ E b (IC M ), the following conditions are equivalent :
D-Modules
In this subsection we recall some basic notions and results on D-modules. References are made to [HTT08] , [Bjö93] , [KS01, §7] , [DK16, §8, 9] and [KS16b, §3, 4, 7] . For a complex manifold X we denote by d X its complex dimension. Denote by O X and D X the sheaves of holomorphic functions and holomorphic differential operators on X, respectively. Let D b (D X ) be the bounded derived category of left D X -modules. Moreover we denote by
consisting of objects with coherent, holonomic and regular holonomic cohomologies, respectively.
For a morphism f : X → Y of complex manifolds, denote by
The classical solution functor is defined by
For a closed hypersurface D in X we denote by O X ( * D) the sheaf of meromorphic func- 
by [DK16, Lemma 9.5.5]. Let us recall the results of [DK16] . We note that (3) of Theorem 2.6 below was proved in [DK16] under the assumption that M has a globally good filtration. However, any holonomic D-module on X has a globally defined good filtration by [Mal94a, Mal94b, Mal96] (see also [Sab11, Theorem 4.3 .4]).
(5) Let M ∈ D b hol (D X ) and D ⊂ X be a closed hypersurface, then there exists an
(6) Let D be a closed hypersurface in X and f ∈ O X ( * D) a meromorphic function along D. Then there exists an isomorphism in
We also recall the following theorems ([DK16, Theorem 9.6.1], [DK16, Theorem 9.1.3] and [DK19, Theorem 4.5.1]). 
Moreover for any
and hence there exists a commutative diagram
Moreover, we have
At the end of this subsection, let us recall the notion of M reg . We denote by D ∞ X the sheaf of rings of differential operators of infinite order on X, and by
Note that D ∞ X is faithfully flat over D X [SKK, p 406 ]. Hence, we also obtain a functor
between derived categories. We say that a D ∞ X -module M is holonomic (resp. regular holonomic) if there exists a holonomic (resp. regular holonomic)
consisting of objects whose cohomologies are holonomic (resp. regular holonomic) D ∞ X -modules. However, by the following proposition, we have
D A -Modules
In this subsection we recall some notions and results on D A X in [DK16, §7] . Let X be an n-dimensional complex manifold and Y ⊂ X a smooth closed hyepersurface. The real blow-up X : X Y → X of X along Y is the real analytic map of real analytic manifolds locally defined as follows. We take local coordinates (z, w) ∈ C × C n−1 on X such that Y = {z = 0}. Then we has
Let now D be a normal crossing divisor of X, and locally write D = D 1 ∪ · · · ∪ D r where D i is a smooth closed hypersurface of X. Then the real blow-up of X along D is defined by
Recall that a section of A X is a holomorphic function having moderate growth at −1 X (D). Note that A X and D A X are sheaves of rings on X. For M ∈ D b (D A X ) we define the enhanced solution functor on X by
From now on, we introduce the result of K.S. Kedlaya and T. Mochizuki. Let X be a complex manifold and D ⊂ X a normal crossing divisor in it. Let us take local coordinates
Then for a meromorphic function ϕ ∈ O X ( * D) on X along D which has the Laurent
with respect to u 1 , . . . , u l , we define its order ord(ϕ) ∈ Z l by the minimum
if it exists. For any f ∈ O X ( * D)/O X , we take any lift f to O X ( * D), and we set ord(f ) := ord( f ), if the right hand side exists. Note that it is independent of the choice of a lift f . If ord(f ) = 0, c ord(f ) ( f ) is independent of the choice of a lift f , which is denote by c ord(f ) (f ).
). In the situation as above, let us set
A finite subset I ⊂ O X ( * D)/O X is called a good set of irregular values on (X, D), if the following conditions are satisfied:
Definition 2.10. We say that a holonomic D X -module M has a normal form along D if
A ramification of X along a normal crossing divisor D on a neighborhood U of x ∈ D is a finite map p : U → U of complex manifolds of the form z → z = (z 1 , z 2 , . . . , z n ) = p(z ) = (z m 1 1 , . . . , z mr r , z r+1 , . . . , z n ) for some (m 1 , . . . , m r ) ∈ (Z >0 ) r , where (z 1 , . . . , z n ) is a local coordinate system of U and (z 1 , . . . , z n ) is one of U such that D∩U = {z 1 · · · z r = 0}. Definition 2.11. We say that a holonomic D X -module M has a quasi-normal form along D if it satisfies the conditions (i), (ii) in Definition 2.10 and if for any x ∈ D there exists a ramification p x :
The following fundamental result is due to K.S. Kedlaya and T. Mochizuki:
Corollary 2.13. Let M be a meromorphic connection on X along an analytic hypersurface Y . Then for any x ∈ Y there exist an open neighborhood U x and a modification
. At the end of this subsection, we shall introduce the following results of a joint work with K. Takeuchi [IT18]: 
We regard Theorem 2.14 as a sectorial refinement of the irregular Riemann-Hilbert correspondence of [DK16] . Conversely, we can reconstruct the enhanced ind-sheaf 
The following proposition will be used in the proof of Sublemma 3.9:
In the situation as above, let X : X → X be the real blow-up of X along the normal crossing divisor D.
where Y is the subset of X in Definition 2.9. Then after reordering ϕ j 's and ψ i 's for any 1 ≤ j ≤ m we have ϕ j = ψ j .
Main Result
In this section, we introduce C-constructible enhanced ind-sheaves and prove that they are nothing but the images of objects of D b hol (D X ) via the enhanced solution functor.
Ind-Stalk for Enhanced Ind-Sheaves
In this subsection, we introduce a new notion of ind-stalks for an enhanced ind-sheaf. Let M be a good topological space (i.e., a locally compact Hausdorff space which is countable at infinity and has finite soft dimension).
Definition 3.1. Let Z be a locally closed subset of M and i Z : Z → M the embedding. Proposition 3.2. Let Φ : K → L be a morphism of enhanced ind-sheaves. If the morphism
. This follows from Lemma 3.3.
Proof. Let K = Q(F ). Namely K is represented by F ∈ D b (IC M ×R∞ ). Then we have
is the morphism of bordered spaces induced by the embedding {x} → M . By the assumption, we have isomorphisms
for any x ∈ M . Therefore by Sublemma 3.4 below, we have
Proof. Let F = q(F). Namely, F is represented by F ∈ D b (IC M ×R ). In this case by [DK16, Lemma 3.3.12] we have
By the assumption, we have isomorphisms 
Normal Form
In this subsection, we introduce a new notion of enhanced ind-sheaves which have a normal form along a normal crossing divisor and prove that they are nothing but the images of holonomic D-modules which have a normal form via the enhanced solution functor. Let X be a complex manifold and D a normal crossing divisor of X. 
The following sublemma will be used later in this paper. We shall skip the details of 
Proof. Note that there exists a canonical morphism
We shall prove that it is an isomorphism. Since K is R-constructible, we may assume
where in the last isomorphism we used the assumption that L is a stable object. Note that there exists an isomorphism
in the third (resp. forth, fifth, sixth) isomorphism we used [ 
and hence the proof is completed.
We need the following sublemmas to prove Lemma 3.10 below: Sublemma 3.7. Let Y be an analytic hypersurface of X.
(1) If a holonomic D X -module M satisfies Proof.
(1) By Theorem 2.6 (5) and the condition (a), we have isomorphisms (2)). Therefore, K satisfies the condition (b) as above. Since K satisfies the conditions (a) and(b) , for any point x ∈ X, the ind-stalk x K of K at x is concentrated in degree zero. Hence, K is concentrated in degree zero i.e. K ∈ E 0 R−c (IC X ) by Lemma 3.3 and the fact that the functor x (·) is t-exact with respect to the standard t-structure.
(2) First we shall show that the condition (a) implies that M = RH E X (K) satisfies the condition (a). In fact, we have isomorphisms
where the third isomorphism follows from Sublemma 3.6, the forth one follows from
, and the sixth one follows from the condition (a) .
We shall show that the condition (b) implies that M satisfies the condition (b). Now, for any x ∈ X \ D there exist an open neighborhood U x ⊂ X \ D of x and a non-negative integer k such that K| Ux (C E Ux ) ⊕k . Hence, we have isomorphisms
O X (see, Theorem 2.7 (1)). Sublemma 3.8. Let Y be an analytic hypersurface of X. We assume that K ∈ E 0 (IC X ) satisfies the following conditions:
Then the canonical morphism K → Sol E X RH E X (K) is an isomorphism. Proof. Since we have isomorphisms
. We shall prove that it is an isomorphism. Let us set M := RH E X (K) ∈ Mod(D X ). By the assumption (c) and Theorem 2.6 (5), we have isomorphisms
Hence, by the assumption (a), it is enough to show that the canonical morphism
By the assumption (b) and the fact C E
, the restriction of Φ to X\Y is an isomorphism. In particular, a morphism x Φ :
) which is induced by Φ is an isomorphism for any x ∈ X\Y . Moreover, since the stalk (C X\Y ) y of C X\Y at any point y ∈ Y is isomorphic to zero, a morphism y Φ : y (π −1 C X\Y ⊗ K) → y (π −1 C X\Y ⊗ Sol E X (M)) is an isomorphism. Therefore Φ is an isomorphism by Proposition 3.2. 
Proof. We shall only prove (iii) ⇒ (iii) . Let M be a holonomic D X -module which has a normal form along D. Then, for any x ∈ D and any θ ∈ −1 (
Let us consider two points θ, η ∈ −1 (x) such that W x,θ ∩ W x,η = ∅. Then we obtain an isomorphism
Since {ϕ x,θ i } i and {ϕ x,θ i } i are good sets of irregular values, we obtain equality
by Proposition 2.16. We set V x := ∪ θ∈ −1 (x) V x,θ , then there exist a good set of irregular values
The following lemma means that the enhanced solution functor Sol E X induces an equivalence of categories between the full subcategory of E 0 R−c (IC X ) consisting of objects which have a normal form and the one of Mod(D X ) consisting of objects which have a normal form. (2) For any enhanced ind-sheaf K ∈ E 0 (IC X ) which has a normal form along D, then RH E X (K) is a holonomic D X -module which has a normal form along D and there exists an isomorphism K
Proof.
(1) Let M be a holonomic D X -module which has a normal form along D. By Sublemma 3.7 (1), it is enough to show that K := Sol E X (M) satisfies the condition (iii) in Definition 3.5.
Since M has a normal form along D, by Sublemma 3.9, for any x ∈ D, there exist an open neighborhood V x ⊂ X of x, a good set of irregular values {ϕ x i } on (V x , V x ∩ D) such that for any θ ∈ −1 (x) there exists an an open neighborhood W x,θ of θ such that
By Theorem 2.15, for any open sector
Therefore, we obtain an open neighborhood
(2) Let us consider M := RH E X (K) ∈ D b (D X ). By Sublemma 3.7 (2), M satisfies the conditions M( * D) M and Sing.Supp(M) ⊂ D. We shall prove that M is a holonomic D X -module which satisfies the condition (iii) in Definition 2.10 and the canonical morphism K → Sol E X (M) is an isomorphism. First, let us prove that M is holonoimc. Since K satisfies the condition (ii) in Definition 3.5, M is holonomic on X\D. Hence, it is enough to prove that M is holonomic at any x ∈ D. Since K satisfies the condition (iii) in Definition 3.5, for any x ∈ D, there exist an open neighborhood U x ⊂ X of x, a good set of irregular values {ϕ i } i on (U x , U x ∩ D) and a finitely sectorial open covering {U x,j } j of U x \D such that
By [Moc16, Theorem 9.3, Lemma 9.8], we have M| Ux ∈ Conn(U x ; U x ∩ D) (in particular M| Ux is holonomic). Therefore M is a holonomic D X -module. Moreover, since K satisfies the conditions (i), (ii) in the Definition 3.5, the canonical morphism K → Sol E X (M) is an isomorphism by Sublemma 3.8.
We shall prove that M satisfies the condition (iii) in Definition 2.10. Since K satisfies the condition (iii) in Definition 3.5, we have isomorphisms
where in the first (resp. forth) isomorphism we used the fact K ∼ −→ Sol E X (M) (resp. Theorem 2.6 (6)). Let us denote by U x the real blow-up of U x along U x ∩ D. Then by Theorem 2.14, for any open subset W ⊂ U x such that W ∩ −1 (U x ∩ D) = ∅, W ⊂ Int( −1 (U x,j )) and we have an isomorphism
Hence the proof is completed.
Quasi-Normal Form
In this subsection, we introduce a new notion of enhanced ind-sheaves which have a quasi-normal form along a normal crossing divisor and prove that they are nothing but the images of holonomic D-modules which have a quasi-normal form via the enhanced solution functor. Let X be a complex manifold and D a normal crossing divisor of X. Definition 3.11. We say that an enhanced ind-sheaf K ∈ E 0 (IC X ) has a quasi-normal form along D if (i) π −1 C X\D ⊗ K ∼ −→ K, (ii) for any x ∈ X \ D, there exist an open neighborhood U x ⊂ X \ D of x and a non-negative integer k such that Proof. Let K ∈ E 0 (IC X ) be an enhanced ind-sheaf which has a quasi-normal form along D. Since K satisfies the condition (ii) in Definition 3.11 and the constant enhanced ind-sheaf C E is R-constructible, for any x ∈ X \ D, there exists an open neighborhood
Since K satisfies the condition (iii) in Definition 3.11, for any x ∈ D, there exist an open neighborhood U x of x and a ramification p x : U x → U x such that Ep −1 x (K| Ux ) is R-constructible because an enhanced ind-sheaf which has a normal form is R-constructible. Since p x is proper, Ep x * Ep −1
x (K| Ux ) is also R-constructible by [DK16, Theorem 4.9.11 (ii)]. Therefore K| Ux which is a direct summand of Ep x * Ep −1
x (K| Ux ) is also R-constructible by [DK16, Theorem 4.9.6]. Since the R-constructibility of enhanced ind-sheaves is a local property, the proof is completed.
The following lemma means that the enhanced solution functor Sol E X induces an equivalence of categories between the full subcategory of E 0 R−c (IC X ) consisting of objects which have a quasi-normal form and the one of Mod(D X ) consisting of objects which have a quasi-normal form. (2) For any enhanced ind-sheaf K ∈ E 0 (IC X ) which has a quasi-normal form along D,
then RH E X (K) is a holonomic D X -module which has a quasi-normal form along D and there exists an isomorphism
(1) By Theorem 2.6 (2), Sublemma 3.7(1) and Lemma 3.10(1), we obtain the assertion.
(2) Let us consider M := RH E X (K) ∈ D b (D X ). By Sublemma 3.7 (2), M satisfies the conditions M( * D) M and Sing.Supp(M) ⊂ D. If M is a holonomic D X -module, the canonical morphism K → Sol E X (M) is an isomorphism by Sublemma 3.8. Moreover, M satisfies the third condition in Definition 2.11 by Theorem 2.6 (2), Lemma 3.10 (2) and the fact that K satisfies the third conditions in the Definition 3.11. Hence, it is enough to prove that M is holonomic. Since M is holonomic on X\D, we shall show that M is holonomic at any x ∈ D. By Lemma 3.10 (2) and the conditions (iii) in the Definition 3.11, for any x ∈ D there exist an open neighborhood U x of x, a ramification p x : U x → U x of U x along D x := U x ∩ D and a holonomic D U x -module N U x which has a normal form along D x := p −1
by Theorem 2.7 (1). Moreover, we have isomorphisms
where in the second (resp. last) isomorphism we used Sublemma 3.6 and [DK16, Theorem 9.1.2 (i)] (resp. [DK16, Lemma 4.5.17]). Hence M| Ux is a direct summand of Dp x * N U x because K| Ux is a direct summand of Ep x * Ep −1 x (K| Ux ). Since the morphism p x is proper, Dp x * N U x is holonomic by [Sab11, Theorem 4.4.1], therefore M| Ux is also holonomic.
Modified Quasi-Normal Form
In this subsection, we introduce a new notion of enhanced ind-sheaves which have a modified quasi-normal form along an analytic hypersurface. Moreover, we show that these are nothing but the images of meromorphic connections via the enhanced solution functor. Let X be a complex manifold and Y an analytic hypersurface of X. Definition 3.14. We say that an enhanced ind-sheaf K ∈ E 0 (IC X ) has a modified quasinormal form along Y if 
Therefore K| Ux is also R-constructible.
The following lemma means that the enhanced solution functor Sol E X induces an equivalence of categories between the full subcategory of E 0 R−c (IC X ) consisting of objects which have a modified quasi-normal form and the abelian category Conn(X; Y ) of meromorphic connections on X along Y . (2) For any enhanced ind-sheaf K ∈ E 0 (IC X ) which has a modified quasi-normal form along Y , then RH E X (K) is a meromorphic connection on X along Y which satisfies
C-Constructible Enhanced Ind-Sheaves
In this subsection we define C-constructible enhanced ind-sheaves and prove the main theorem. Let X be a complex manifold.
Definition 3.19. We say that an enhanced ind-sheaf K ∈ E 0 (IC X ) is C-constructible if there exists a complex stratification {X α } α of X such that
. Namely Z α is a complex manifold, D α is a normal crossing divisor of Z α and f α is a projective map which induces an isomorphism
We call such a family {X α } α∈A a stratification adapted to K.
Remark 3.20. In the situation as above, since π −1 C Zα\Dα ⊗Ef −1 α K has a modified quasinormal form along D α , there exists a meromorphic connection N α on Z α along D α such that Lemma 3.16 (2) . By applying the direct image functor Ef α!! we obtain an isomorphism
. We denote by E 0 C−c (IC X ) the full subcategory of E 0 (IC X ) whose objects are Cconstructible and set
Proposition 3.21. The category E 0 C−c (IC X ) is the full abelian subcategory of E 0 R−c (IC X ). Hence the category E b C−c (IC X ) is a full triangulated subcategory of E b R−c (IC X ). Proof. First let us prove that the category E 0 C−c (IC X ) is abelian. It is enough to show that the kernel and the cokernel of a morphism Φ : K → L of C-constructible enhanced ind-sheaves are also C-constructible. By Lemma 3.23 below, we can take a common stratification {X α } α adapted to K and L with a common complex blow-up f α : Z α → X of X α along X α \X α such that there exist meromorphic connections M α , N α on Z α satisfying the following isomorphisms and hence we have a sequence of isomorphisms
where in the fifth (resp. sixth) isomorphism we used Theorem 2.6 (2) and (3) (resp. Theorem 2.6 (5)). Let us set
and the proof is completed.
Lemma 3.23. For any two C-constructible enhanced ind-sheaves K, L ∈ E b C−c (IC X ), there exist a common stratification {X α } α adapted to K and L with a common complex blow-up of X α along X α \X α .
Proof. By Sublemma 3.22, we can take a common stratification {X α } α adapted to K and L. Namely, there exist complex blow-ups f α , g α : Z α → X of X α along X α \X α and meromorphic connections M α , N α on Z α along D α such that
It is enough to show that there exists a common complex blow-up h α : Z → X of X α along X α \X α such that π −1 C Z\D ⊗ Eh −1 α K and π −1 C Z\D ⊗ Eh −1 α L have modified quasi-normal form along D := h −1 α X α \X α . Let us consider a commutative diagram
Then we have r −1 1 (D α ) = r −1 2 (D α ) and
We put
Then we have a commutative diagram
We remark that D is a normal crossing divisor of Z and ρ 1 and ρ 2 are modifications of Z α with respect to D α . Moreover h α : Z → X is a complex blow-up of X α along X α \X α . We shall show that π −1 C Z\D ⊗ Eh −1 α K and π −1 C Z\D ⊗ Eh −1 α L have modified quasi-normal form along D := h −1 α X α \X α . We have isomorphisms
where in the last isomorphism we used Theorem 2.6 (2). Since ρ 1 is a modification of Z α with respect to D α , Dρ * 1 (M α ) is a meromorphic connection on Z along D by [Sab13, Proposition 8.16] and hence
by Proposition 3.18. Similarly, we have
Hence, the proof is completed.
By this lemma it is clear that the C-constructibility is local property.
Lemma 3.24. For any holonomic D X -module M there exist a stratification {X α } α∈A of X and a complex blow-up f α :
Proof. We put Y := Sing.Supp(M). Then Y is an analytic subset of X and M| X\Y is an integrable connection on X \ Y . Let us set
Similarly to the construction as above, we put
Namely, Y m is a smooth analytic subset of X and any cohomology of Di * Ym M is an integrable connection on Y m .
Therefore we obtain a stratification
Proposition 3.25. For any M ∈ D b hol (D X ) the enhanced solution complex Sol E X (M) of M is an object of E b C−c (IC X ). Proof. Since the category D b hol (D X ) is a full triangulated subcategory of D b (D X ) and the category E b C−c (IC X ) is a full triangulated subcategory of E b R−c (IC X ), it is enough to show the assertion in the case M ∈ Mod hol (D X ) by induction on the lengths of the complexes.
Let M ∈ Mod hol (D X ) and we put K := Sol E X (M). By Lemma 3.24, there exist a stratification {X α } α∈A of X and a complex blow-up f α : Z α → X of X α along X α \ X α for each α ∈ A such that (Df * α M)( * D α ) ∈ D b mero (D Zα(Dα) ), where D α := f −1 α (X α \ X α ) is a normal crossing divisor. Then we have π −1 C Zα\Dα ⊗ Ef −1 α K Sol E Zα (Df * α M)( * D α ) ∈ E b mero (IC Zα(Dα) ) for any α ∈ A, where we used Theorem 2.6 (2), (5) and Proposition 3.18. Since the functor π −1 C Zα\Dα ⊗ Ef −1 α (·) is exact we have π −1 C Zα\Dα ⊗ Ef −1 α (H i K) H i (π −1 C Zα\Dα ⊗ Ef −1 α K) ∈ E 0 mero (IC Zα(Dα) ) for any i ∈ Z. Therefore K ∈ E b C−c (IC X ) and the proof is completed.
By this proposition and the irregular Riemann-Hilbert correspondence of A. D'Agnolo and M. Kashiwara we obtain a fully faithful functor
We shall prove that this functor is essentially surjective.
Theorem 3.26. For any C-constructible enhanced ind-sheaf K ∈ E b C−c (IC X ), there exists M ∈ D b hol (D X ) such that K ∼ −→ Sol E X (M). Therefore we obtain an equivalence of categories
Proof. By induction on the length of the complex, it is enough to show in the case of K ∈ E 0 C−c (IC X ). Let {X α } α∈A be a stratification of X adapted to K and we put
dim Xα=k X α for any k = 0, 1, . . . , d X .
Then Y 0 = S 0 and X = Y d X . Moreover, there exists a distinguished triangle
Hence, by induction on k, it is enough to show that π −1 C S k ⊗ K ∈ Sol E X (D b hol (D X )) for any k.
Let S i be decomposed into Z 1 · · · Z m i with some strata Z 1 , . . . , Z m i ∈ {X α } α∈A . If m i = 1, by Remark 3.20 we have π −1 C S i ⊗ K ∈ Sol E X (D b hol (D X )). We shall prove the case m i ≥ 2. In this case there exists a distinguished triangle π −1 C Z 1 ⊗ K → π −1 C Z 1 ··· Z j ⊗ K → π −1 C Z 2 ··· Z j ⊗ K +1 − → for any j = 2, . . . , m i . Hence, by induction on j it is enough to show that π −1 C Z 1 ⊗ K ∈ Sol E X (D b hol (D X )). However, it follows from Remark 3.20. By Theorem 2.7 (2), we obtain: 
and hence we have a commutative diagram
Moreover by Proposition 2.8 and the fact that there exists an isomorphism sh Sol E X (M) Sol X (M) for M ∈ D b hol (D X ), we have: Corollary 3.28. The functor sh :
The C-constructibility is closed under many operations.
Proposition 3.29. Let f : X → Y be a morphism of complex manifolds and K, K 1 ,
Then we have
(1) K 1 + ⊗ K 2 , RIhom + (K 1 , K 2 ) and K + L are C-constructible,
Proof. Since the proofs of these assertions in the proposition are similar, we only prove the first one of (3). Let f : X → Y be a morphism of complex manifolds and L ∈ E b C−c (IC Y ). Then we have isomorphisms
where in the second isomorphism we used Theorem 2.6 (2). Since Df * RH E Y (L) ∈ D b hol (D X ) then we obtain Ef −1 L ∈ E b C−c (IC X ). By this proposition, the functor RH E commutes with many operations as below Corollary 3.30. Let f : X → Y be a morphism of complex manifolds and K, K 1 ,
